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The transport through a quantum wire with a side coupled quantum dot is studied. We use the
X-boson treatment for the Anderson single impurity model in the limit of U =∞. The conductance
presents a minimum for values of T = 0 in the crossover from mixed-valence to Kondo regime due
to a destructive interference between the ballistic channel associated with the quantum wire and
the quantum dot channel. We obtain the experimentally studied Fano behavior of the resonance.
The conductance as a function of temperature exhibits a logarithmic and universal behavior, that
agrees with recent experimental results.
PACS numbers: 73.63.Kv, 73.63.-b, 85.35.Ds
I. INTRODUCTION
Quantum dots (QD) are small droplets of electrons
confined in the three spatial directions. In these sys-
tems the charge and energy are quantized as it occurs in
natural atoms. The electron transport in this “artificial
atom” nanodevice is a topic of intense research. Experi-
ments performed in a single electron transistor (SET), [1]
and by scanning tunnelling microscopy (STM) on a single
magnetic impurity on a metallic surface [2], showed that
the Kondo resonance, predicted theoretically in these sys-
tems [3] and experimentally measured [4], is present si-
multaneously with a Fano resonance. The Fano reso-
nance appears when there is a quantum interference pro-
cess in a system consisting of a continuous degenerated
spectrum with a discrete level, both non-interacting. The
interference is produced among the electrons that circu-
late along the two channels of the system constituted
by the discrete level and the continuous band. In gen-
eral the device is designed such that the current goes
through the dot itself. Recently, another configuration in
which the dot is laterally linked to the quantum wire has
been studied,[5]. This situation mimics to some extent
a metallic compound doped by magnetic impurities. As
in the problem of the metal, theoretical studies of a dot
laterally attached to a wire have shown that the Kondo
effect interferes with the transport channel reducing and
eventually eliminating the transmission of charge along
it. A similar configuration has been proposed where the
dot is laterally attached to a ring threaded by a magnetic
field [6].
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Theoretically, these systems can be described by the
Anderson single impurity model (AIM). Structures with
dots embedded or side coupled to leads or interacting
coupled quantum dots have been studied using a va-
riety of numerical and diagrammatic Green’s function
techniques [3, 7]. The slave boson mean field theory
(SBMFT) [8, 9], in particular, has been applied to study
these systems in the limit of the Coulomb repulsion
U → ∞ and at low temperatures. This approximation
is attractive because with a small numerical effort, it is
capable of qualitatively describes the Kondo regime, al-
though in a restricted region of the system parameter
space. Unfortunately, the SBMFT presents unphysical
second order phase transitions outside this region. The
impurity decouples from the rest of the system when
T > TK , where TK is the Kondo temperature, or when
µ >> Ef,σ, where µ is the chemical potential and Ef,σ is
the energy of the localized level [10, 11]. To circumvent
these problems and maintaining the simplicity of the cal-
culation and the ideas involved, recently we introduced
the X-boson method [11, 12, 13], inspired in the slave bo-
son formalism. We solve the problem of non-conservation
of probability (completeness) using the chain cumulant
Green’s functions [14, 15, 16, 17]. These ideas were used
to solve the AIM and the Periodic Anderson Model. We
remove the spurious phase transitions of the SBMFT,
which permits to study the system for a range of tem-
peratures that includes the T > TK region.
In this work we apply the X-boson method for the
single impurity case to describe the transport problem
through a quantum wire with a side coupled QD as rep-
resented in Fig. 1, in the limit of U → ∞, without re-
striction in the temperature.
Our results are in good agreement with experimental
measurements, in particular we reproduce the Fano be-
havior of the resonance and the logarithmic dependence
of the conductance dip amplitude as a function of temper-
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FIG. 1: Pictorial representation of the quantum well wire
(QWW) coupled via hybridization (V) with a side quantum
dot (QD).
ature [1] in a SET and we obtain for the conductance as
function of temperature a logarithmic and universal be-
havior [4, 18]. We restrict our analysis to systems that are
not in the extreme Kondo regime because the X-boson
approach, in its present form, follows closely the Friedel
sum rule in the mixed-valence and in the moderate Kondo
regime, but fails to fulfil it in the extreme Kondo regime,
when Ef,σ is far below the chemical potential (µ = 0 in
our case).
II. MODEL, METHOD AND CONDUCTANCE
The model we use to describe the system is the Ander-
son impurity Hamiltonian in the U =∞ limit, employing
the Hubbard X operators to project out the states with
double occupation on the QD. We obtain
H =
∑
k,σ
Ek,σc
†
k,σck,σ +
∑
σ
Ef,σXf,σσ
+
∑
k,σ
(
Vf,k,σX
†
f,0σck,σ + V
∗
f,k,σc
†
k,σXf,0σ
)
. (1)
The first term of the equation represents the Hamiltonian
of the conduction electrons (c-electrons), associated with
the wire. The second term describes the QD and the
last one corresponds to the interaction between the c-
electrons and the QD. This Hamiltonian can be treated
by the X-boson cumulant approach [11, 12, 13] for the
impurity case.
At low temperature and bias voltage, electron trans-
port is coherent and a linear-response conductance is
given by the Landauer-type formula [5]
G =
2e2
h
∫ (
−
∂nF
∂ω
)
S(ω)dω, (2)
where nF is the Fermi distribution function and S(ω) is
the transmission probability of an electron with energy
~ω, given by,
S(ω) = Γ2|GQD,σ|
2, (3)
where Γ = V 2/∆ is the coupling between the QD and the
wire, with ∆ = piV
2
2D
and GQD,σ(ω) is the Green function
at the site of the QD with spin σ. It can be written in
terms of the Green’s functions of the localized levelGσf (ω)
and the conduction electrons, Gσc (ω). Supposing that the
interaction between the dot and the rest of the system is
independent of k and σ, V = Vf,k,σ, the Green function
at the QD can be written as,
GQD,σ = G
σ
c V G
σ
fV G
σ
c +G
σ
c . (4)
In the chain X-boson method, the cumulant Green’s
function, considering a constant density of states for the
wire, −D ≤ εk ≤ D are given by [11, 12, 13]
Gσf (z) =
−Dσ
z − E˜f −
V 2Dσ
2D
ln
∣∣∣z+Dz−D ∣∣∣ ; (5)
Gσc (z) = −
1
2D
ln
∣∣∣∣z +Dz −D
∣∣∣∣ ; (6)
Gσfc(z) = −
−V Dσ
2D
ln
∣∣∣z+Dz−D ∣∣∣
z − E˜f −
V 2Dσ
2D
ln
∣∣∣z+Dz−D
∣∣∣ , (7)
where z = ω + iη, the quantity Dσ = 〈X0,0〉 + nf,σ is
responsible for the correlation in the chain X-boson ap-
proach and lead to essential differences with the uncor-
related case obtained using the slave-boson method [11]
and the conduction Green function Gσc (z) represents a
ballistic channel. The occupation number of the quan-
tum dot is given by nQD = 2nf,σ, where nf,σ is the oc-
cupation number of the electrons with spin σ in the QD
and E˜f = Ef +Λ, where Λ is a parameter of the X-boson
method given by [11]
Λ =
−V 2
D
∫ ∞
−∞
dω ρf (ω) ln
∣∣∣∣ω +Dω −D
∣∣∣∣
×
(ω2 −D2) nF (ω)
(ω2 −D2 + V 2Dσ)
, (8)
where ρf (ω) =
∑
i δ(ω − ωi) is the density of states at
the QD and ωi are the poles of the G
σ
f (ω).
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FIG. 2: Conductance G vs Ef = Vgate/∆ for different tem-
peratures (low temperatures).
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FIG. 3: Conductance G vs Ef = Vgate/∆ for different tem-
peratures (high temperatures).
III. RESULTS AND DISCUSSION
The Figs. 2,3 show the conductance in units of 2e2/h,
as function of the gate voltage Vgate, given in units of
∆, for different temperatures. We represent the low and
high temperature regions in Fig. 2 and 3 respectively. In
all the cases we consider D = 100∆ and µ = 0.0. The
gate potential, Vgate is controlled experimentally [1, 4]
and allow us to modify the energy position level Ef of
the quantum dot (Ef = Vgate), which is renormalized
by the Λ parameter (E˜f = Vgate + Λ) according to the
X-boson method. The conductance possesses an asym-
metric Fano resonance shape, which agrees well with the-
oretical and experimental results [1, 7, 19]. We obtained
similar results to the one obtained by the SBMFT, [5],
at intermediate to low temperatures region T < TK as
can be seen from fig. 2. In Fig. 3, we present the con-
ductance for T > TK as a function of the gate voltage
for different temperatures. In this region the SBMFT
conductance is incorrect due to the spurious second or-
der phase transition associated with this method which
decouples the QD from the rest of the system.
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FIG. 4: Conductance G, charge in the QD, nQD and Λ/∆
parameter vs Ef = Vgate/∆ at T = 0.1∆.
In Fig. 4 we present at T = 0.1∆, the Λ/∆ parameter,
the occupation number nQD (charge in the QD) and the
conductance vs Vgate/∆. The minimum of the conduc-
tance and the maximum of the Λ parameter correspond
to the same value of Vgate. The asymmetric shape of the
curves in Fig. 4, as mentioned above, is a result of the
Fano behavior of the resonance. When the dot is in the
Kondo regime where E˜f ≈ µ, the electron has a channel
to get through the system, going up and down to the
dot. This trajectory interferes with the path the elec-
trons take when they go straight along the leads, with-
out visiting the dot, giving rise to a Fano shape. In Fig.
5 we display the same results shown in 4 as a function
of E˜f = (Vgate + Λ)/∆. In contrast with the Fig. 2,
we obtain a symmetric curve for the conductance, which
shows that the Fano behavior of the resonance is associ-
ated with the renormalization of the parameters of the
system due to the Kondo effect.
In Fig. 6 we show the minimum conductance ampli-
tude as a function of temperature, in units of ∆. The
logarithmic behavior presented in the interval between
0.2∆ < T < 2.0∆, agrees well with the experimen-
tal results obtained by Gores et al in a SET [1] (with
∆ ≈ 1.0K) and reflects the crossover from the mixed-
valence to the Kondo regime, where the X-boson is a
reliable approximation.
In Fig. 7 we present the conductance G vs tempera-
ture T/∆, for different values of Ef = Vgate/∆. We de-
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FIG. 5: X-boson parameter Λ, Conductance G and charge in
the QD, nQD vs E˜f = (Vgate + Λ)/∆ at T = 0.1∆.
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FIG. 6: Dip amplitude conductance ∆G measured from the
background conductance (the “distance” between the mini-
mum of the curve and the conductance value G = 1.0), as
function of T/∆ (see Figs. 2,3).
scribe the gradual crossover from the quasi-empty quan-
tum dot to the Kondo regime. The conductance exhibits
a minimum at high temperature that moves to the low
temperature region as E˜f approaches the chemical po-
tential level µ = 0. This minimum is associated with the
energy required to excite an electron from the chemical
potential energy µ up to the level E˜f . These results are
in qualitative agreement with a recent theoretical calcu-
lation [20], applying Wilson numerical renormalization
group approach (NRG) for a embedded QD in a quan-
tum wire, taking into account that the minimum in our
case corresponds to the maximum in this work.
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FIG. 7: Conductance G as a function of T/∆, at different
values of Ef = Vgate/∆, (crossover from the quasi-empty QD
to the Kondo regime).
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FIG. 8: Conductance G as a function of (T/∆)2, at different
values of Ef = Vgate. The linear behavior of the curves agrees
well with the expected Fermi liquid behavior from the mixed
valence to the Kondo regime.
The Fig. 8 shows, at low temperatures (T ≪ TK), the
conductance G vs (T/∆)2, for values of Ef that corre-
sponds to the crossover from the mixed valence to the
Kondo regime. The linear behavior of the curves agree
well with the expected Fermi liquid behavior, that can
be represented by the equation [18]
G ≃ Gmin
(
1 + α
(
T
TK
)2)
, (9)
where α is a parameter and Gmin is the conductance at
5T = 0. The different slopes of the straight lines obtained
reflect the different values of TK for each Ef .
10−3 10−2 10−1 100 101
T/∆
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
G
(2e
2 /h
)
Ef=−1.3∆
Ef=−1.4∆
Ef=−1.5∆
Ef=−1.6∆
Ef=−1.7∆
10−2 10−1 100 101
T/TK
0.0
0.3
0.6
0.9
(G
−G
m
in
)(2
e2 /
h)
0.7 0.85 1
J=(−2V2/Ef)/∆
0
1
T K
/∆
a
b
correlation
coefficient 0.995704
FIG. 9: Conductance G as a function of T/∆, at different
values of Ef = Vgate/∆. In the inset a we show the universal
behavior of the crossover region from the mixed valence to
the Kondo regime; in the inset b we show the exponential
dependence of TK as a function of J = −2V
2/Ef .
The Fig. 9 presents the Conductance G vs T/∆.
It shows a minimum at low temperatures and a loga-
rithmic and universal behavior for intermediate temper-
atures. This logarithmic evolution is a manifestation
of the crossover from the mixed-valence to the Kondo
regime, as a consequence of the renormalization of the
localized level as the temperature is varied. The devia-
tion from the logarithmic behavior is associated with the
beginning of the high temperatures limit. The inset a
shows G −Gmin vs
T
TK
revealing the universal behavior
of the conductance at the Kondo regime while the inset b
present the expected exponential behavior for the Kondo
temperature TK as function of J =
−2V 2
Ef
. The values
of TK are obtained from the straight lines slopes of the
Fig. 8 taking for the parameter α of Eq. (9), the value
that results from adopting the Lacroix’s definition of the
Kondo temperature [21] for the case Ef = −1.7∆ (TK
is the temperature that corresponds to the minimum of
d < c†iσfiσ > /dT ). The universal behavior agrees with
experimental and theoretical results for an embedded QD
[4, 18], taking into account that for this configuration, the
maximum of G corresponds in our case to a minimum.
In Fig. 10 we present the charge in the QD as a func-
tion of T/∆ for all regimes of the model, at different
values of Ef = Vgate/∆. We can compare the X-boson
results with the very accurate results obtained [22, 23]
using a numerical renormalization group (NRG) calcula-
tion. The X-boson charge in the quantum dot exhibits
the same shape as obtained by this method (see their Fig.
6). At high temperatures, in all cases, the charge goes to
the correct high temperature limit of 2/3.
These results permit to consider the X-boson approx-
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FIG. 10: Charge in the QD, nQD as a function of T/∆, at
different values of Ef = Vgate/∆, for all regimes of the model.
imation as a quantitative correct method in the empty
dot regime and in the crossover from the mixed valence
to the Kondo regime, for all temperatures and for all val-
ues of the parameters of the model, although it is not
reliable in the extreme Kondo limit (when Ef,σ is far
below the chemical potential µ = 0), where the Friedel
sum rule [24] is not fulfilled. This behavior makes this
method complementary to the Non Crossing Approxi-
mation (NCA) that is satisfactory in the extreme Kondo
limit but does not behaves adequately along the crossover
from the mixed valence to the empty dot regime at low
temperatures. This is a consequence of the fact that in
the NCA, the Kondo resonance survive even in the empty
orbital regime producing a spurious high density of states
at the Fermi level [23].
IV. SUMMARY AND CONCLUSIONS
We have calculated the conductance for a quantum
wire with a side coupled QD as a function of gate voltage
and temperature, for U =∞. Our results agree well with
recent experimental studies [1, 4]. We obtain the Fano
shape for the conductance, its suppression at the Kondo
regime at T = 0, due to destructive interferences be-
tween the Kondo channel (QD) and the conduction chan-
nel (quantum wire) and the logarithmic behavior of the
conductance dip amplitude as function of temperature as
reported in a recent experiment [1]. This behavior is a
manifestation of the crossover from the mixed-valence to
the Kondo regime and is valid for the conductance within
this region. These results agree with experimental works
for a QD embedded in a quantum wire [4]. We obtain
a universal behavior of the conductance as a function of
temperature for different values of Ef that as well agrees
with recent experimental results [4] for a embedded QD
6configuration. We report novel results for the conduc-
tance as a function of temperature, below and above TK
for a lead with a side coupled QD configuration.We were
able to show that the X-boson approximation is a sim-
ple and appropriate tool to study mesoscopic transport
including quantum dots in the Kondo regime.
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